We demonstrate light pulse combining and pulse compression using a continuous-discrete nonlinear system implemented in a multi-core fiber (MCF). It is shown that the pulses initially injected into all of the cores of a ring MCF are combined by nonlinearity into a small number of cores with simultaneous pulse compression. We demonstrate the combining of 77% of the energy into one core with pulse compression over 14× in a 20-core MCF. We also demonstrate that a suggested scheme is insensitive to the phase perturbations. Nonlinear spatio-temporal pulse manipulation in multi-core fibers can be exploited for various applications, including pulse compression, switching, and combining.
Optical multi-core fibers (MCFs) have recently attracted a great deal of attention in the context of spatial-division multiplexing for high-capacity optical communications (see [1, 2] and references therein). In conventional optical communications, the nonlinear effects that occur during signal propagation in a fiber are somewhat undesirable.
However, at a high signal power, developed MCFs can be also considered to be a nonlinear discrete physical system, which is interesting for both fundamental science [3, 4] and for practical applications, such as nonlinear photonic devices [5] [6] [7] . In particular, the nonlinearinduced collapse (self-focusing, blow-up) of the initial wave packet can be used for pulse compression [8] . The theoretical background for such an approach in the case of nonlinear discrete optical arrays has been developed in [6, 7] . It has been shown in [6, 7] that wave collapse leads to the localization of energy in a small number of cores with simultaneous amplification and compression.
The nonlinear dynamics in MCFs has an interesting link with the light bullets (LBs) proposed in [9] . The LBs in waveguide arrays have been recently demonstrated and studied in [10, 11] . The LBs studied in [10, 11] are discrete optical spatio-temporal solitons. A discretecontinuous system, such as a MCF, may prevent the wave collapse that is typical for light dynamics in a multidimensional continuous nonlinear medium [12, 13] . In this Letter, we demonstrate that nonlinear energy localization in MCFs may be used for pulse combining and compression. We consider the optical MCFs with the circular ring symmetry of their cores shown in Fig. 1 . Note that many of the obtained results are generic, and are applicable to various other MCF configurations.
The propagation of light down a MCF can be approximately (neglecting polarization characteristics for the sake of clarity) described as a superposition of modes localized at each core:
Ex;y;z;t
where F k is the spatial mode structure and A k is the envelope of the electromagnetic field in the kth core. In the limit of a weak coupling approximation, one can derive a system of equations for the envelopes A k , i.e., the continuous-discrete nonlinear Schrödinger equation [14] :
Here k 1; …; N, β k 2 is the group-velocity dispersion parameter for the mode k, γ k is the Kerr parameter, and C km represents the coupling coefficients between the cores. System (2) can be simplified for the identical cores, as discussed in [6, 7] . Taking into account the most important physical effects, we can simplify the analysis with the following assumption:
while neglecting all other coupling terms. For the sake of clarity, we consider β 
The system (4) is the Hamiltonian equation
with
The system (4) conserves H and total energy (normalized by C∕γ)
To understand qualitatively the evolution of the pulses injected into an MCF, consider first a system with a large N and smooth intensity distribution that experiences only small changes between neighboring cores. In this case, we can derive the continuous version of Eq. (4) for Uk; t; z
and
Equation (8) is equivalent to the nonlinear Schrödinger equation (NLSE) that describes the self-focusing property of light in a nonlinear media. If the power at the entrance to the MCF exceeds the critical value P cr 4π, making H < 0, the intensity distribution is self-compressed over k and t. We can expect that the injected MCF pulses distributed over the cores with smooth maxima will be focused into a few cores around the maxima with simultaneous pulse compression. When the energy is concentrated into a few cores, the discreteness of the cores arrests further compression. This scenario has been verified via numerical experiments. In our modeling, we have used the same Gaussian pulses in each core, but slightly perturbed the amplitudes from core to core to initiate an instability:
The corresponding distribution of the total energy E t over the cores is symmetrical with respect to the Nth core. It has one maximum at k N, with the symmetry between k l and k N − l. As a result, we will plot the information for only half of the cores. In the numerical computations, we used the split-step Fourier method with the Pade approximation with scaling and squaring for the matrix exponent (see [15, 16] ).
To compress the input light distribution as a whole, the fastest-growing mode must be about the size of the system. From the analysis of plane wave instability, we estimate that the input is U ∼ P p ∼ 2∕N ∼ 1∕τ. We used this simple estimate to guide our choice of the initial pulse width and energy. A higher amplitude U results in the breakdown of the distribution into a few bunches.
As can be seen from the initial conditions [Eq. (10)], the pulse amplitudes are perturbed by no more than 3%. The increase of the initial modulation (as long as it is still small) does not effect the qualitative behavior, but it does accelerate the process development.
The evolution of the Gaussian pulses Eq. (10) for N 6 is presented in Fig. 2 . One can see the combining of almost all of the injected energy into one of the pulses with simultaneous pulse compression. For the specific case presented in Fig. 2 , with the parameters P 0.61 and τ 1.5, we observed that the peak power increased to 30.6×, with pulse duration compressions of 6.6×. The maximum compression is reached at z z 0 33.3. One can see that at z 0 33.3, ∼82.8% of the initial energy is concentrated into a single core. Further propagation leads to the periodic oscillating of the light intensity. This is the result of the conservation of the Hamiltonian H, which is, in general, different at the input from the value at a steady state. Therefore, part of the energy should go into oscillations. It is important to note that the energy continues to be localized in a few cores, forming nonstationary LBs. In terms of practical applications, the input Fig. 2 . Evolution of the input Gaussian pulses [Eq. (10) ] with the parameters P 0.61 and τ 1.5 is shown for the third core, where most of energy is concentrated after propagation. As an example of the dynamics in the neighboring cores of the 6-core fiber, the fourth core is also shown. Note the different power scales for the third and fourth cores.
power and the length of the MCF device should be carefully designed to achieve the maximum pulse compression and energy combining.
The evolution of the peak amplitudes and pulse durations in different cores is presented in Fig. 3 . A very important point is that compression does not degrade the beam shape. The initial pulse profile and waveform after compression are presented in Fig. 4 . One can see that small shape deformations are confined to the wings, and occur only when the intensity is less then 0.6% of the peak.
The increase of the initial modulation depth from 0.03 to 0.3 does not qualitatively change the evolution, peak intensity, or pulse compression. However, it does accelerate the process, and reduces z 0 to 3.9.
The calculation for N 20, with optimal parameters of P 0.08035 and τ 3.85 and a modulation of 0.03, results in similar behavior (see Fig. 3 ). In this case, the intensity is lower to suppress the development of small scale perturbations, and the peak compression takes place at the longer distance z 0 115.2. Increasing the number of cores reduces the pulse width and increases intensity. For a 20-core MCF, the pulse width compression factor is around 17.4×, while the peak power in the compressed pulse is increased by 206×. The percentage of the power combined in one core is 72.7%. Figure 5 depicts the spatial density distribution of the total energy E t over the cores at the distance of maximum compression for the 6-core and 20-core MCFs. For a large N, the evolution leading to compression happens at long distance. In general, we may expect losses to occur during the compression when the power is in excess of P cr . One can see that at the peak of compression, the ratio of the peak intensity to the intensity in the neighboring cores is higher for N 6 than for N 20 (28.1× against 22.4×), as seen in Fig. 5 .
Thus, we have demonstrated that one can effectively combine the pulse energy in MCFs. This type of nonlinear combining is essentially different from the currently popular schemes that rely on linear beam combining [17] . When using linear beam combining, it is critically important to control the phases of the separate beams. In our nonlinear combining scheme, the nonlinear interaction self-organizes the process of combining, and the phase and pulse shape perturbations at the MCF input are not very important. To demonstrate this feature, we consider the evolution of the pulses with random phase variations: 
where C δ δf k, with f k being the pseudo-random function with values varying between −1 and 1. More specifically, we model f k as f k cos5000k. The parameter δ varies from 0 to π, and consequently, C δ takes values from −π to π. During the compression stage, the nonlinear interaction locked in the phases in the different cores and the initial phases affects only the threshold of the compression. The modeling demonstrates that the compression results are not very sensitive to the phase variations. Up to δ 0.8, the qualitative picture of the compression does not change and the compressed pulse is smooth. The percentage of power combined into one core does not change much, and the compression ratio is almost constant. For example, for δ 0.7 and N 20, the pulse duration compression is about 16.8× and the peak power increases 202.5 times. About 75.6% of all initial power is concentrated into the first core. Notice that random initial phases can lead to a switch of the core where all of the power is concentrated. The length of compression is more sensitive to the phase fluctuations. For instance, for δ 0 and N 20, the distance is z 0 115.2, while for δ 0.7, it is 56.1. In practice, a MCF has some fixedlength and phase variations that can affect the combining-compression performance. This problem can be fixed to a great extent with a deeper initial modulation of the intensity distribution in the cores, therefore making the system more resilient to phase fluctuations. Increasing the modulation parameter from 0.03 to 0.3 in Equation (10) significantly reduces the spread of the compression distances at different deltas. For example, for a 20-core MCF, z 0 28.6 when δ 0, and it reaches a minimum value of z 0 26.1 at δ 0.5.
Although our results are general and can be scaled to various system designs, let us make some numerical estimates for typical existing MCFs. Consider that β 2 −20 ps 2 ∕km and γ 1.5 W −1 km −1 . The coupling coefficient parameter varies depending on the particular fiber. For telecom applications, the coupling must be low. For typical fibers, C 15.7 km −1 , as seen in [14] . Coming back to the dimensional variable, we see that the unit of pulse duration T, T 2 −β 2 ∕2C, is about 0.8 ps and typically, the length L 1∕C and 64 m. It means that our compressor must have a length of a few hundred meters and can compress the pulse up to about 100 fs. For our nonlinear compressor, one can build a MCF with more and closer-spaced cores, resulting in a MCF that has a larger coupling coefficient C. If C is increased up to C ∼ 1∕m, the length of the compressor is reduced to the few meters, and T is reduced to 0.1 psecs, compressions at pulse durations of ∼10 fs may be possible, although the model should be modified in this case.
Qualitatively, we anticipate that the ring configuration may be not the optimal scheme for maximum compression. The considered ring design (effectively 1D in k) is the equivalent of the 2D system in the continuous limit. Using 2D core distribution designs, we will have, in a corresponding continuous limit, an effective 3D NLSE with strongly collapsing features. It may be more practical to implement the pulse combining and compression in such configurations.
In conclusion, we have examined the pulse combining and compression in a ring MCF configuration. We have demonstrated the effective spatial focusing of energy to only a few cores through the pre-designed instability of the initial spatio-temporal light distribution. Further optimization of the proposed technique in various MCFs can lead to more efficient pulse compression and pulse combining.
